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Considere o problema
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Máximos e mínimos
Num ponto extremo (máximo 
ou mínimo) a o gradiente da 
função é nulo.
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Condição necessária, mas não suficiente
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Ajuste por mínimos quadrados

𝜕 𝑒𝑟𝑟𝑜
𝜕𝑎

=
𝜕

𝜕𝑎 (
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)2) = 0 2
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)( − 𝑥𝑖) = 0

𝜕 𝑒𝑟𝑟𝑜
𝜕𝑏

=
𝜕
𝜕𝑏 (

𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)2) = 0

−
𝑛

∑
𝑖=1

𝑥𝑖𝑦𝑖 + 𝑏
𝑛

∑
𝑖=1

𝑥𝑖 + 𝑎
𝑛

∑
𝑖=1

𝑥2
𝑖 = 0

2
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)( − 1) = 0

−
𝑛

∑
𝑖=1

𝑦𝑖 + 𝑏𝑛 + 𝑎
𝑛

∑
𝑖=1

𝑥𝑖 = 0

𝑎 =
𝑛∑𝑖 𝑥𝑖𝑦𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑦𝑖

𝑛∑𝑖 𝑥2
𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖

𝑏 =
∑𝑖 𝑦𝑖 ∑𝑖 𝑥2

𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖𝑦𝑖

𝑛∑𝑖 𝑥2
𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖

[
∑𝑖 𝑥2

𝑖 ∑𝑖 𝑥𝑖

∑𝑖 𝑥𝑖 𝑛 ][𝑎
𝑏] = [

∑𝑖 𝑥𝑖𝑦𝑖

∑𝑖 𝑦𝑖 ]
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Ajuste pelo Gradiente Descendente
atribua um valor inicial para a e b

itere até convergir


a = a – taxa_de_aprendizado*da

b = b – taxa_de_aprendizado*db

𝜕 𝑒𝑟𝑟𝑜
𝜕𝑎

= 2
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)( − 𝑥𝑖)

𝜕 𝑒𝑟𝑟𝑜
𝜕𝑏

= 2
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)( − 1)

ref

𝑒𝑟𝑟𝑜 =
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)2

taxa_de_aprendizado

https://towardsdatascience.com/stochastic-gradient-descent-explained-in-real-life-predicting-your-pizzas-cooking-time-b7639d5e6a32




Problema 1:  Ajuste um polinômio cúbico 
A uma função seno

x ∈ [−1, + 1]

y = sin(πx)

ypred = a + bx + cx2 + dx3
loss = ε̄ =

n

∑
i=0

ε2
i

εi = ypred(xi) − y(xi)

ε̄ =
n

∑
i=0

(ypred(xi) − y(xi))2



Gradiente  em função dos pontos

∇ε̄ =

∂ε̄
∂a
∂ε̄
∂b
∂ε̄
∂c
∂ε̄
∂d

=
n

∑
i=0

∂ε2
i

∂a
∂ε2

i

∂b
∂ε2

i

∂c
∂ε2

i

∂d

εi = ypred(xi) − y(xi) = a + bxi + cx2
i + dx3

i − yi

=
n

∑
i=0

2εi
∂εi

∂a

2εi
∂εi

∂b

2εi
∂εi

∂c

2εi
∂εi

∂d

=
n

∑
i=0

2εi

2εixi

2εix2
i

2εix3
i

∇ε̄ = ∇(
n

∑
i=0

ε2
i )



Condição de máximo e mínimo  ∇ε̄ = 0

n

∑
i=0

2εi

2εixi

2εix2
i

2εix3
i

=

0.
0
0
0

n

∑
i=0

2(a + bxi + cx2
i + dx3

i − yi)
2(a + bxi + cx2

i + dx3
i − yi)xi

2(a + bxi + cx2
i + dx3

i − yi)x2
i

2(a + bxi + cx2
i + dx3

i − yi)x3
i

= 0



Condição de máximo e mínimo  ∇ε̄ = 0

n

∑
i=0

(a + bxi + cx2
i + dx3

i − yi) = 0

n

∑
i=0

(a + bxi + cx2
i + dx3

i − yi)xi = 0

n

∑
i=0

(a + bxi + cx2
i + dx3

i − yi)x2
i = 0

n

∑
i=0

(a + bxi + cx2
i + dx3

i − yi)x3
i = 0
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Função anti-simétrica com domínio em torno do zero 

∑n
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i=0 xi ∑n
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i ∑n
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=
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∑n
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y(xi) = − y(−xi)
Se

x n − 1
2 −i = − x n − 1

2 +i
⇒

n 0 ∑n
i=0 x2

i 0

0 ∑n
i=0 x2

i 0 ∑n
i=0 x4

i

∑n
i=0 x2

i 0 ∑n
i=0 x4

i 0

0 ∑n
i=0 x4

i 0 ∑n
i=0 x6
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=
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0
∑n

i=0 x3
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Função anti-simétrica com domínio em torno do zero 

⇒

n 0 ∑n
i=0 x2

i 0

0 ∑n
i=0 x2

i 0 ∑n
i=0 x4

i

∑n
i=0 x2

i 0 ∑n
i=0 x4

i 0

0 ∑n
i=0 x4

i 0 ∑n
i=0 x6

i

a
b
c
d

=

0
∑n

i=0 xiyi

0
∑n

i=0 x3
i yi

ypred(xi) = bxi + dx3
i

⇒ [
∑n

i=0 x2
i ∑n

i=0 x4
i

∑n
i=0 x4

i ∑n
i=0 x6

i ] [b
d] = [

∑n
i=0 xiyi

∑n
i=0 x3

i yi]



Um notebook exemplo



𝜕 𝑒𝑟𝑟𝑜
𝜕𝑎

= − 2
𝑛

∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)
𝜕 𝑒𝑟𝑟𝑜

𝜕𝑏
= − 2

𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖) 

𝑒𝑟𝑟𝑜 =
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑏 − 𝑎𝑥𝑖)2

𝑎 =
𝑛∑𝑖 𝑥𝑖𝑦𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑦𝑖

𝑛∑𝑖 𝑥2
𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖

𝑏 =
∑𝑖 𝑦𝑖 ∑𝑖 𝑥2

𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖𝑦𝑖

𝑛∑𝑖 𝑥2
𝑖 − ∑𝑖 𝑥𝑖 ∑𝑖 𝑥𝑖

[
∑𝑖 𝑥𝑖𝑦𝑖

∑𝑖 𝑦𝑖 ] = [
∑𝑖 𝑥2

𝑖 ∑𝑖 𝑥𝑖

∑𝑖 𝑥𝑖 𝑛 ][𝑎
𝑏]


