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Abstract 

Nowadays, using the Eurocode 3 component method, it is possible to evaluate the rotational 
stiffness and moment capacity of semi-rigid joints when subject to pure bending. However, 
this component method is not yet able to calculate these properties when, in addition to the 
applied moment, an axial force is also present. The main aim of this paper is to propose a 
mechanical model for semi-rigid end-plate beam-to-column joints including the axial force 
versus bending moment interaction. This paper also presents a detailed description of the 
numerical results that were generated and validated against experiments and analytical data. 

1. Introduction 

Under certain circumstances, beam-to-column joints can be subjected to the simultaneous 
action of bending moments and axial forces. Although, the axial force transferred from the 
beam is usually low, it may, in some situations attain values that significantly reduce the joint 
flexural capacity. For example, because of the recent escalation of terrorist attacks on 
buildings, the study of progressive collapse of steel framed building has been highlighted, as 
can be seen in Vlassis et al. (2006). Examples of these exceptional conditions are the cases 
where structural elements, such as central and/or peripheral columns and/or main beams, are 
suddenly removed, sharply increasing the joint axial forces. In these situations the structural 
system, mainly the connections, should be sufficiently robust to prevent the premature failure 
modes that may lead to progressive structural collapse. 
Unfortunately, few experiments considering the bending moment versus axial force 
interactions have been reported. Additionally, the available experiments are associated with a 
small number of axial force levels and associated bending moment versus rotation curves. 
There is, therefore, a need to develop the mechanical model for semi-rigid end-plate beam-to-
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column joints including the axial force versus bending moment interaction, based on the 
principles of the component method, Eurocode 3 (2005). 

1.1 Background: experimental and theoretical models 

Study of the semi-rigid characteristics of beam to column connections and their effects on 
frame behaviour can be traced back to the 1930s, Li et al. (1995). Since then, a large amount 
of experimental and theoretical work has been conducted both on the behaviour of the 
connections and on their effects on complete frame performance. Despite the large number of 
experiments, they do not cover all possible connection ranges. As an alternative to tests, other 
methods have been proposed to predict bending moment versus rotation curves. 
Recently, several researchers have paid special attention to joint behaviour under combined 
bending moment and axial force, for example, Wald and Svarc (2001), Lima et al. (2003) and 
Simões da Silva et al. (2004). The investigators concluded that the presence of the axial force 
in the joints modifies their structural response and, therefore, should be considered. 
Regarding theoretical models recently developed to predict the behaviour of beam-to-column 
joints under bending moment and axial force, it is possible to mention Jaspart (2000) and 
Cerfontaine (2001), who have applied the principles of the component method to establish 
design predictions of the M-N interaction curves and initial stiffness. Lima et al. (2003) and 
Simões da Silva et al. (2004) proposed mechanical models for extended and flush end-plate 
joints, respectively. Although these models presented satisfactory results in terms of final 
flexural capacity, the prediction of the initial stiffness was not accurate, mainly for the case 
where the model was subjected to tensile forces. This might have occurred because in both 
cases the authors included the compressive components at the same location as the bolt rows 
and the tensile components at the same location as the flanges (compressive rows). 

2. Mechanical Model for End-Plate Joints Including the Axial-Moment Interaction 

The mechanical model proposed for semi-rigid end-plate beam-to-column joints including the 
axial force versus bending moment interaction is depicted in Fig. 1. The main goal of this 
model is to evaluate the axial force in each model spring when subjected to the simultaneous 
action of moment and axial force. With the model results in hand, it is possible to adopt a 
consistent component distribution to be used following the Eurocode 3 (2005) principles. 

 

Figure 1. Proposed mechanical model for semi-rigid joints. 

2.1 Formulation 

The stationery potential energy principle was used to formulate the model stiffness matrix 
and the corresponding equilibrium equation. The total potential energy functional, Π, is: 

 WU −=Π  (1) 
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where U is the system strain energy and W is the load total potential. The system strain 
energy can be expressed in terms of the spring stiffness, ki, and relative displacements, ∆i, as: 

 ∑
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where ns is the system spring number. Assuming small displacements, the relative (∆i,) and 
absolute (ui and uli) displacements for the system presented in Fig. 1 can be evaluated as: 
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where Ci is the spring vertical coordinate i regarding the load application line. The spring 
coordinates above the loading application line must be informed positively and below it 
negatively. And θb1 and θb2 are the rotation angles of bars 1 and 2, respectively. The total 
potential of the loads for the system of Fig. 1 is: 

 121 )( bbb MuuPW θ+−=  (4) 

where P is the axial load and M is the bending moment. Using the potential energy principle, 
the equilibrium equations can be evaluated from the functional stationary condition Π, 
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the stiffness matrix, Kij, and internal load vector, Fi, can be derived using Eq. 2, 
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Approximating the trigonometric expressions in Eq. 3 to the first order, the model stiffness 
matrix, Fig. 1, for any spring number at any position can be evaluated as: 
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and the internal loading vector is: 

 [ ]TMPF 0.00.0=  (8) 

For the correct use of the component method the knowledge of which model rows (bolts and 
flanges) are in tension and/or compression is needed due to their impact on the evaluation of 
the joint rotation and the flexural capacity. In the usual Eurocode 3 (2005) mechanical model 
for joints subjected only to bending moment actions, it is straightforward to identify which 
rows are in compression and/or tension. However, when additional axial forces act on the 
joint, the identification whether each row is in tension or compression is not known in 
advance. This fact implies in the determination of the limit bending moment for the proposed 
mechanical model, Fig. 1, a need to identify when the row forces change from compression to 
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tension or vice-versa. This limit bending moment can be obtained by adopting the relative 
displacement for the first spring (located on the first bar) equal to zero, i.e., ∆1 = u1 - ul1 = 0. 
Then, isolating ub1 from Eq. 3 for the relative displacement of the first spring, 

 )sin()sin( 2121111 bbbb CuCu θθ −++∆=  (9) 

and substituting ub1 into the two first equilibrium equation of Eq. 5,  
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and then, isolating θb1 from the first equilibrium equation, Eq. 10, and substituting it into the 
second equilibrium equation, Eq. 10, and putting ∆1 equal to zero, and finally isolating the 
bending moment gives the following expression for the limit bending moment: 
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According to Eq. 11, for: M < Mlim all rows are compressed; M = Mlim first spring axial force 
is equal to zero; and M > Mlim are the tensioned and compressed rows. 

3. Application of the Proposed Mechanical Model 

The extended end-plate joint tested by Lima et al. (2003), Fig. 2, was used to test and validate 
the proposed model, considering the influence of the axial force, in terms of the rotational 
stiffness and the flexural resistance. The joint material properties, the theoretical values of the 
strength and initial stiffness for all the extended end-plate joint components and the 
experimental moment-rotation curves can be found in Lima et al. (2003). Based on these 
extended end-plate joint properties, the following model was adopted, Fig. 3. Table 1 gives 
the experimental axial force (N) and bending moment (MjRd) used in each analysis. Table 1 
also presents the limit bending moment (Mlimit), which was evaluated using Eq. 11, and the 
lever arm d, which represents the rigid link position that unites the second bar to the supports, 
Fig. 3. The lever arm d for EE6 and EE7 was evaluated as being the place where it was 
possible to attain the maximum axial force for the first bolt row and the beam bottom flange 
row; for EE2 and EE4 it was obtained by taking the sum of individual bolt row moments at 
the beam bottom flange divided by the sum of bolt row forces; for EE1 it was adopted at the 
same row as the first bolt row. 

 

 

Figure 2. Extended end-plate joint, Lima et al (2003). Figure 3. Proposed mechanical model. 

Before analysing the mechanical model, Fig. 3, it was necessary to decide if the joint 
components were subjected to compression, tension or both. This was done by evaluating the 
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limit bending moments (Mlimit), with the aid of Eq. 11. These results are illustrated in Table 1. 
An appropriate mechanical model for every axial force level could then be determined based 
on these limit bending moments. For example, for EE4 joint, Table 1, for bending moments 
smaller than Mlimit, i.e. equal to 19.78 kNm, the spring stiffness: kbr1, kbr2, kbr3 and klinkt , Fig. 3, 
would be equal to zero. On the other hand, if it was larger than Mlimit, the stiffness: kbtf and 
klinkc (placed at the same line as kbtf), Fig. 3, would be made equal to zero. 

Table 1. Experimental axial forces/moments, limit moments, and the lever arm d. 
Test N (kN) MjRd (kNm) Mlimit (kNm) d (mm) 

EE1 (only M) 0.0 118.7 0.0 152.0 
EE2 (-10% Npl) -135.94 125.4 10.37 117.6 
EE4 (-27% Npl) -259.2 113.2 19.78 117.6 
EE6 (+10% Npl) 127.2 111.5 -9.70 41.0 
EE7 (+20% Npl) 257.9 101.0 -19.62 20.0 

Knowing the limits for each axial force level, it was possible to analyse the proposed model, 
Fig. 3. The results of each analysis, compared to their equivalent experimental test, are shown 
in Figures 4(a), 4(b) and 4(c). Subsequently, Fig. 4(d) depicts the whole set of numerical 
results. For each moment-rotation curve, the first point defines the joint initial stiffness 
corresponded to initiation of the weakest component yield while the second point was 
obtained adopting half of all the component stiffnesses and increasing the moment up to the 
experimental moment, MjRd, Lima et al. (2003), Table 1. 
Five experimental moment-rotation curves, of Lima et al. (2003), were used to validate the 
proposed mechanical model, Fig. 4. Fig. 4(a) illustrates the comparisons between the 
proposed model and EE1 moment-rotation curve that was only subjected to bending moments. 
For this case, the point that characterises the joint initial stiffness was defined by the end-
plate in bending yield. Fig. 4(b) presents comparisons between the proposed model and EE2 
and EE4 moment-rotation curves that respectively consider compressive forces of 10% and 
27% of the beam axial plastic resistance. The EE2 joint initial stiffness was defined by the 
end-plate in bending yield and was followed by the beam flange in compression yield while 
EE4 was characterised by the beam flange in compression yield. Fig. 4(c) draws the results 
for EE6 and EE7 moment-rotation curves that respectively consider tensile forces of 10% and 
20% of the beam axial plastic resistance. For both cases the joint initial stiffness was firstly 
defined by the end-plate in bending yield. It was followed by the beam flange in compression 
and later reached the column web in compression yield. 
Fig. 4(d) illustrates the set of numerical results showing that the joint subjected to tensile 
forces has its initial stiffness and flexural capacity decreased as tensile force increases. 
Alternatively, there is an increase in the joint flexural capacity for a compression of 10% of 
the beam plastic resistance. Above this value the flexural capacity again decreases. 
Additionally it is worth highlighting that the initial stiffness is strongly influenced by the 
rigid link lever arm d. Joints presenting similar rigid link lever arms d exhibited an 
insignificant variation of the initial stiffness as can be seen on the compressive force 
numerical results (EE2 and EE4). Generally the global behaviour of the numerical moment-
rotation curves are in agreement with the test curves, Lima et al. (2003), producing numerical 
results that closely approximate the initial stiffness and flexural resistance. 

4. Conclusions 

Based on the general principles of the component method, a mechanical model was proposed 
to estimate the end-plate joint behaviour subjected to bending moments and axial forces. 
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Application and validation of this mechanical model, using experimental tests executed by 
Lima et al. (2003) on five extended end-plate joints, was performed and led to accurate 
prediction of the experiment’s key variables. 

 

(a) Experimental tests comparison. 

 

(b) Experimental tests comparison. 

 

(c) Experimental tests comparison. 

 

(d) Moment-rotation curves. 

Figure 4. Proposed mechanical model. 
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