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Abstract. This work presents a back-tracking strategy for improvihg tobustness of

advancing-front algorithms for mesh generation in threéeehsional models. It can be
observed, in many advancing-front based algorithms fazdltimensions, that a number
of regions that can not be meshed is left after the mesh geoaeiarocess, which stops the
algorithms from converging. These regions are represebyegolyhedra and are formed

by elements of the current front, which are faces in threeedsions. These regions are
usually disconnected, since they are defined by adjacemiegits that form a closed loop,
and they can not be meshed, even with the insertion of additimew nodes. A back-

tracking procedure is applied to all of these regions, inartb guarantee robustness in
mesh generation. It is devised for three-dimensional ¢dsssause this problem has no
counterpart in two dimensions. Examples of generated nsegsiag the back-tracking

procedure are presented in order to validate the strategppsed in this work.
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1. INTRODUCTION

This work presents a back-tracking strategy for improving tobustness of algo-
rithms for advancing-front mesh generation in three-disn@mal models. It can be ob-
served, in many advancing-front based algorithms for thieeensions, that a number of
regions that can not be meshed is left after the mesh gemeatocess, which stops the
algorithms from converging. These regions are represéntgublyhedra and are formed
by elements of the current front, which are faces in threeedsions. These regions are
usually disconnected, since they are defined by adjacemesls that form a closed loop,
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and they can not be meshed, even with the insertion of additieew nodes. The back-
tracking procedure is applied to all of these regions, ireotd guarantee robustness in
mesh generation.

There are some techniques in the literature that have as#ttegh some way, the
problem of robustness in mesh generation for advancing-tvased algorithms in three
dimensions. There is a variety of solutions, from simple éoyvcomplicated ones, but
in the overall the idea is somehow to fix the advance of thet fiarorder to obtain con-
vergence. Usually, these solutions are heuristic attetoggoid the problem of missing
closure of the advancing-front algorithm. The necessithe$e procedures arise from the
fact that, unlike triangulation in two dimensions, the detization of any given volume
into tetrahedra is not formally ensured, unless some axiditisteps are performed.

One example of a technique for trying to improve the robusgne mesh generation
is the work of Chan and Anastasiou (1997), which uses locahmegeneration based on
the deletion of sliver tetrahedra in a post-processing skep procedure proposed in the
present work has the same objective of that step, but usdfeeedt strategy. Rassineux
(1998) also optimizes the mesh by reconstruction of subraek that are obtained by
the deletion of a group of tetrahedra. Other technique devie address the problem
was proposed by Moller and Hansbo (1995), where the frontmadified and updated
during the process. This idea, by the way, is the most commeriroalgorithms that try
to address this problem. Although these techniques pregemt results in many cases,
since they are empirical procedures the guaranteed rasssts hard to achieve.

The strategy proposed in this work is based on a back-trgdkiea already used
by the authors in mesh generation (Cavalcante-Neto et@)1)2and mesh optimization
(Cavalcante-Neto et al., 2004) with satisfactory resultancorporates some improve-
ments, such as a better determination of the disconneatgahseto be meshed, which
increases the robustness of the method. Also, this workdlhyndescribes the back-
tracking process, which was not done in these previous wéikslly, the back-tracking
in the work by Cavalcante-Neto et al. (2001) was only partjgddicular advancing-front
algorithm for three-dimensional mesh generation presebyethe authors, whereas the
procedure proposed in this work was generalized and it cappked in any advancing-
front algorithm where the problem of disconnected regiotsucs, fixing this problem
and generating a mesh.

The strategy of the procedure is to delete an element of tiné: firom a non-meshable
region, generate a new region around this element and tnysertia new node in the
centroid of this region, in order to generate new elementsemesh. If this region does
not have a kernel, which is a core where any point is visildenfa straight line from all
its vertices to the centroid, this region must be expandédfamprocess repeated, until a
kernel is found. This process tries to find a meshable regapresented by a star-shaped
region (polyhedron in 3D), relative to its centroid, whemwnelements of the mesh can
be formed by the centroid and its vertices.

The remainder of this work is organized as follows. Secti@®&cribes the strategy
in a general manner and its algorithm. Section 3 discusgesplication of this strategy
in three-dimensional problems. The next Section showslaatin studies that attest the
robustness of the technique. Finally, in Section 5 somelasiuns are presented.



CILAMCE 2005 — ABMEC & AMC, Guarapari, Espirito Santo, Btax9'" — 21°t October 2005

2. BACK-TRACKING STRATEGY

This Section describes the strategy of the back-trackinggature and its algorithm,
in a general manner. The intention of this section is to erpaly the idea of the process
and all the entities involved. This strategy will later besdgbed for three dimensional
problems with their specific requirements and details.

2.1 General description

Initially, it is important to define the types of elementsotxed in the process. The
general idea of the advancing-front technique for genamaif meshes is that elements of
a front advance from the boundary of the model towards tattsior, forming elements
of a mesh until this mesh is fully generated. An element offtbat is here called a
“front-element” (for instance, a face in a three-dimensiorase), and an element of a
mesh is here called a “mesh-element” (a tetrahedron in tthraensions, for example).
Every front-element is supposed to form or to relate to omaare mesh-elements. If the
front-element is on the surface mesh that defines the ifiibat for the model, than this
front-element is related to only one mesh-element, whettea$ront-element is related
to more than one mesh-element if it is in the interior of thedelo It is important to
mention that only front-elements are involved in the aduagdront process, that is, the
current front is always formed by front-elements. When ahvelement is generated, this
element is stored in a separate list of mesh-elements arasfioeiations with the related
front-elements are also stored.

It can be observed, in many advancing-front based algosittamthree dimensions,
that a number of regions that can not be meshed is left akamésh generation process,
which stops the algorithms from converging. These regisad@med by a number of
front-elements (for instance, this region is represenjgadiyhedra in three dimensions).
These regions are usually disconnected, since they areeddfinadjacent front-elements
that form a closed loop, and they can not be meshed, even matinsertion of addi-
tional new nodes. The back-tracking strategy is appliedl @f ghese regions, in order to
guarantee robustness in mesh generation.

The idea of the strategy is then to delete a front-elemeritarctirrent front (associ-
ated with a non-meshable region), generate a new regiomarihis element and try to
insert a new node in the centroid of this region, in order toegate new mesh-elements.
If this region does not have a kernel, which is a core wherepamgt is visible from a
straight line from all its vertices to the centroid, this i@gmust be expanded and the
process repeated, until a kernel is found. This process toidind a meshable region,
represented by a star-shaped region, relative to its adntndere new mesh-elements
can be formed by the centroid and its vertices.

Let E; be a front-element in the current front aRJE;) the local region, formed
by front-elements associated wily, that can not generate mesh-elements in a valid
mesh. The regiolR (Ey) is identified grouping the front-elemeR} with adjacent front-
elements (for instance, front-elements that share faaksdgpes in three dimensions). Let
D(E¢) be the set of front-elements deleted ak(E;) the set of front-elements added,
during the back-tracking process, if necessary. L.gtbe a mesh-element related to the
front-elementt; that can be also deleted during the back-tracking processcessary,
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and G(E,,) the set of new mesh-elements generated for the local régidty) when

a kernel for this region is found. Finally, I& and M be the current list of all front-
elements and mesh-elements, respectively. The procedactta mesh the local region
is as follows:

e The boundary of the non-meshable local regi(Es) related to the current front-
elementE; is identified.

¢ A visibility test is performed. This consists of computirfietcoordinates of the
center of this regioR(E¢) and counting the number of intersections that would
occur, for each of the front-elements of this region, if ineere drawn from the
center to all region’s vertices.

o If there is at least one intersection for any of the regiorgmf-elements, this re-
gion must be modified. This is done by removing the front-aéetthat has the
highest number of intersections from the regRR(E¢) as well as from the front
list F and the mesh-elemeh,,, attached to this front-element from the mesh list
M. This front-element is not necessarily the same initiahfrelement used to
determine the initial local region, and for this reaséh,is updated to represent
this particular front-element. A removal of a mesh-elemerglies in a possible
adition or deletion of other front-elements from the frorgpresented by (Ex)
andD(E¢), respectively, since a mesh-element is usually formed byertian one
front-elements (for instance, a tetrahedron is formed loy faces in three dimen-
sions). Also, the front lisF must be updated to account for these front-elements.
All these operations usually results in the growth of theae® (E¢), since there
are more inclusions than deletions of front-elements, imega.

e This process is repeated until the center of the reddk;) is visible from all
vertices of this region. When this happen, a set of new meshentsG(E,,) is
generated for the regioR(E¢), by connecting the center to all region’s vertices.
The list of all mesh-elements on the current md4hmust be updated to account
for these new mesh-elemer@8 E,,,) generated.

It is possible that the process of findind a star-shaped megadative to its centroid,
may fail if front-elements to be removed are part of the oradjiboundary mesh. When
this occurs, the front-elements attached to internal fadssnon-zero intersection counts
are deleted and the element extraction procedure is redtdfthe region is still not me-
shable, the procedure fails and terminates. In principlepossible to create a boundary
input mesh that forces failure of the process. Such a failuoeever, has not yet been
observed for “non-contrived” input, i.e., for all the restic input boundary meshes, such
as the ones shown in Section 4 and the other ones tested so far.

2.2 General algorithm

A general algorithm for the back-tracking procedure, widohsists of all steps pre-
viously described, is as follows:

e Determine non-meshable regi®{E¢) for the front-elemenkE;.
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e Perform visibility tests for regiolR (E¢).

e If there are intersections, update regiB(E¢) by R(E¢)new = R(E¢)ola — Ef —
D(E¢) + A(E¢). Also update the current front and mesh listsB),, = Fola —
Ef - D(Ef> + A(Ef) andMneW = Mold — Em

e Repeat the process until a kernel is found. When this hagdpehthe set of new
elementsG(E,,) and update the mesh IIM by M,,ex = Mg + G(Ep).

3. THREE-DIMENSIONAL BACK-TRACKING

This Section describes the details for the application efgloposed technique to
three-dimensional problems. Basically, the entities iv@d in the procedure are faces,
which represent the front-elements, and tetrahedra, septig the mesh-elements, with
their respective roles.

3.1 Strategy applied to 3D models

The back-tracking procedure consists of deleting a fréeraent from a non-meshable
region and a group of front-elements in its vicinity. In #@imensional models, the
front-element is represented by a face (triangle, in simmpheshes). The objective of
the back-tracking procedure is to delete faces surrourdginngle to modify the non-
meshable local region, in this case a polyhedron, that caéindmemeshed with tetrahedra.
After the modification of the local polyhedron, an attempmiade to generate tetrahedra
by inserting a new internal node in the polyhedron’s cenkerthis does not work, the
back-tracking procedure described in Section 2 is employed

Figures 1 and 2 are used to illustrate the back-trackingga®cFigure 1 illustrates
a hypothetical three-dimensional model and the aspeceddigtonnected non-meshable
regions that can occur. Figure 2 illustrates the transftionaf a non-meshable polyhe-
dron into a star-shaped one, relative to its centroid, aftefintersected” face is deleted,
for a particular region. In this example, a line drawn frondeab to the centroid inster-
sects facacd as it can be seen in the polyhedron on the left. This resulisa removal
of this face, as well as the tetrahedron formed by najds c andd. The removal of
this tetrahedron also implies in the removal of the faaded as well as in the inclusion of
facesbcd andabg resulting in the new polyhedron that can be seen on the rcenies
polyhedron can then be meshed and new tetrahedra are foaméd;an be seen on the
right.

3.2 Three-dimensional algorithm

The algorithm for a three-dimensional problem, which repres the application of
the general algorithm to the three-dimensional case, islksws:

e Determine non-meshable polyhed®iF) for the faceFy.
e Perform visibility tests for polyhedroR (F).

e If there are intersections, update polyhedid(¥s) by P(F¢)new = P(Ft)ola —
F¢ — D(F¢) + A(F¢), whereD(Fy) is the set of deleted faces ad Fy) is the
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Figure 1: Hypothetical three-dimensional model: a) leftrface mesh, representing ini-
tial front; b) right: disconnected regions, representing-meshable front.

%4

Figure 2: Transformation of a polyhedron into a convex oreéganeration of a mesh.

set of the included ones. Also update the current front anshrfists byF .., =
Foa — Fr — D(F¢) + A(F¢) andMyew = Mg — T, WhereT,,, is the deleted
tetrahedron associated with the deleted Bge

e Repeat the process until a kernel is found. When this hagdpehthe set of new
tetrahedraG(T,,) and update the mesh I by My = Moia + G(Th).

3.3 Determination of non-meshable polyhedra

One very important step in the back-tracking process is #terthination of the dis-
connected region (polyhedron) associated with a partidtdat-element (face). The re-
gion has to form a closed loop, otherwise a valid mesh will m®tgenerated for this
region.

The normal and most common situation is the one illustrajelligure 2. The poly-
hedron on the left represents the disconnected region. régien is found by the fol-
lowing procedure. Fist, the front-element (fad®)is included in the region list of front-
elements. This region is then formed by only one front-elana¢ this point. After this,
the other front-elements that are adjacenEtoare also included in the region (that is,
front-elements that share faces and edges in three dinms)siblowever, it is possible
that some pathological situations can occur. Figure 3tithtiss situations where two re-
gions are linked by one vertex (left) or edge (right). Altigbuthey could be treated as
only one region in each case, it is indicated that the polsdédked by one vertex or
edge be split into two and treated in a separate way. Thisrie 8y examining the adja-
cency of the faces. This procedure helps to improve the eganee of the back-tracking
process.
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Figure 3: Two pathological situations: a) left: two polyhadinked by one vertex; b)
right: two polyhedra linked by one edge.

4. THREE-DIMENSIONAL EXAMPLES

In this Section, a study of the robustness of the proposategly is presented. Also,
although the objective of this work is only to propose a téghe to improve the robust-
ness of advancing-front based three-dimensional algostit is shown that the technique
produces meshes with good quality.

4.1 Validation studies

In this study, three models are considered: a portion of aihgy a portion of a
spiral-bevel gear and a portion of a turbofan hub. These ma@ite shown through Figs.
4-12. All three examples contain small surface cracks. linglke way, cracks can
be seen as flaws that happen in some structures. The predetreels implies that a
more complex modeling is necessary. Cracks are usualljizédaas having no volume,
that is, the surfaces representing the two sides of a crackoaologically distinct, but
geometrically coincident. This means that nodes on oppasites of crack faces may
have identical coordinates. Moreover, the mesh on the &aegion is more refined,
that is, it is common for the elements near the crack frontetdvio or three orders of
magnitude smaller than other elements in the problem. Tistegrce of cracks is only to
show that the proposed technique can handle any constaairttsee generated mesh, in
the same way that it would do with “normal” meshes. Also, ibwh that the technique
can improve robustness of the mesh generation even for esmpddels.

Table 1 shows some statistics related to the number of diemed regions that oc-
curred for the examples and the time spent to process thenelbatk-tracking technique,
in order to generate the mesh. It can be seen that, althoeghutinber of regions can be
reasonably high, they are processed in a rapid way. Thenessuat, since they are local
regions with few elements, it is very fast to deal with themheTimes were measured
using a 1.333 GHz AMD Athlon(tm) processor.

4.2 Quality measurements

Although the objective of this work is to propose a technigqoemprove the ro-
bustness of advancing-front based three-dimensionalitligus, it can be shown, for the
same models, that the technique produces meshes with gatityg®ne possible prob-
lem, that could occur, would be the situation where so maogdavould be deleted for
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Figure 5: Mesh detail showing an embedded crack for houstagnple: detail of the
crack region.

a particular region, creating a star-shaped region withdesinable number of faces and
many tetrahedra formed by faces linked to the very same notteicentroid. Although
this is a possible scenario, this has not been observed$eeaauesh is usually generated
after few steps of the back-tracking process.

For the evaluation of the final quality of the mesh, after thpligation of the back-
tracking technique, a quality metric was adopted. The isguguality metrics is well
represented in the literature (Bramble and Zlamal, 197&x|&, 1970; Babuska and Aziz,
1976; Cavendish et al., 1995; Dannelongue and Tanguy, 111;1991; Parthasarathy
et al., 1993; Weatherill and Hassan, 1994; Liu and Joe, 11984is et al., 1996; Freitag
and Knupp, 1999), existing measures of all kinds. In thegework The metriey is
used, which is defined by:

_ 3R;
o= 1)




CILAMCE 2005 — ABMEC & AMC, Guarapari, Espirito Santo, Btax9'" — 21°t October 2005

v‘ﬁéf,d"
RV
‘A‘My

X
27

Figure 6: Mesh detail showing an embedded crack for housiagple: a) left: mesh of
the crack region; b) right: mesh of the crack region with treck face mesh.
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Figure 7: Mesh for gear example.

where R; and R, are the radii of the inscribed and circumscribed sphergecsely.
This metric is equal td.0 for an optimal element and sliver elements have values lower
than0.1, in general. Thex metric is adopted for the evaluation of the quality of the
final meshes because its interpretation is more intuitieeiais widely referenced in the
literature. Table 2 shows some statistics related for the examples. It is shown that the

majority of the elements are located in the raf@g, 0.8], which represents well-shaped
elements.
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Figure 8: Mesh detail showing an embedded crack for gear pbeardetail of the crack
region.
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Figure 9: Mesh detail showing an embedded crack for gear pbeara) left: mesh of the
crack region; b) right: mesh of the crack region with the kriace mesh.

Figure 10: Mesh for turbofan example.

Table 1: Statistical values related to the number of regionall examples
Example # Regions Time (sec)
Housing 438 16
Gear 573 23
Turbofan 345 14
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Figure 11: Mesh detail showing an embedded crack for turbef@ample: detail of the
crack region.
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Figure 12: Mesh detail showing an embedded crack for turbet@mple: a) left: mesh
of the crack region; b) right: mesh of the crack region with tinack face mesh.

Table 2: Statistical values related to the quality of themfes all examples
Example #Elementsa,,, min  Qmas
Housing 16463 0.675 0.025 0.729
Gear 17386 0.684 0.025 0.738
Turbofan 9628 0.668 0.018 0.733
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5. CONCLUSIONS

This work presents a back-tracking strategy for improving tobustness of algo-
rithms for advancing-front mesh generation in three-disi@mal models. It can be ob-
served, in many advancing-front based algorithms for tdmeeensions, that a number of
regions that can not be meshed is left after the mesh gememtdcess, which stops the
algorithms from converging. These regions are represdtgublyhedra and are formed
by elements of the current front, which are faces in threeedsions. These regions are
usually disconnected, since they are defined by adjacaneslis that form a closed loop,
and they can not be meshed, even with the insertion of addititew nodes. The back-
tracking procedure is applied to all of these regions, ireotd guarantee robustness in
mesh generation.

The strategy of the procedure is to delete a front-element & non-meshable region,
generate a new region around this element and try to insevanonde in the centroid of
this region, in order to generate new mesh-elements. Ifég®n does not have a kernel,
which is a core where any point is visible from a straight Ifir@m all its vertices to
the centroid, this region must be expanded and the processatexl, until a kernel is
found. This process tries to find a meshable region, reptedday a star-shaped region
(polyhedron in 3D), relative to its centroid, where new mesments can be formed by
the centroid and its vertices.

A number of realistic examples were shown to demonstratedhastness of the
proposed technique. Also, a distribution in the qualityled generated meshes was also
shown.
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