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1  INTRODUCTION 

Current structural engineering design codes proclaim the consideration of geometric 
nonlinear effects in structural analysis. In frame analysis, these effects are usually considered 
through a stability or second-order analysis. In addition, modern frame analysis takes into 
account shear deformation of structural elements (Timoshenko beam theory). 

Second-order stability analysis of slender columns is a well know problem with available 
analytical solution and second-order stability analysis of framed structures with slender beam-
columns have been studied by numerous researchers because of their importance in structural 
engineering. A frame structure stability analysis may be performed in many different ways, 
ranging from simple verifications based on first-order linear analysis to sophisticated higher-
order nonlinear numerical analysis. The objective of this type of analysis is the evaluation of 
critical loads that would cause structural buckling, while still considering small deformations. 
Although there are analytical solutions for simple frame second-order stability analysis, in 
general a numerical solution is employed and many existing computer programs are able to 
perform this type of analysis. However, since second-order stability analysis is based on a set 
of simplifications, numerical solutions depend on discretization of structural members. This 
means that the analyst must have some experience on this type of analysis in order to 
adequately define the number of segments that should be used in the discretization of a 
structural member. To decrease the influence on arbitrary member discretization, higher-order 
stability analysis is required. 

Nevertheless, second or higher order stability analysis of frame structures considering 
shear deformation has very few available solutions in the literature (Onu, 2000 and 2008, 
Areiza-Hurtado et al. 2005). Generally, the shear effect is immaterial for slender beams. 
However, in the case of the skeletal structures, if the length-to-depth ratio of foundation 
beams is relatively small and these beams are subjected to discrete column loads, the shear 
effect becomes important and must be taken into account. This problem is still an open issue 
that requires further investigation and is the focus of this work. 

In addition to the problem of stability analysis, a complete formulation of the static 
behavior of beam-column members should consider transversal elastic foundations, which is 
an important effect in foundation beams. In the literature there are few papers that formulate 
the combined effect of transversal loading, axial compression (stability analysis), shear 
deformation (Timoshenko beam theory), and transversal elastic foundations. 

Most of the works considers pair-wise combinations of these effects. For example, 
Nukulchai et al. (1981) formulated exact solutions for beam finite elements taking into 
account Timoshenko’s shear deformation. Zhaohua & Cook (1983) presented finite beam 
element solutions considering a two-parameter (displacement and rotation) elastic foundation, 
but with no shear deformation. Ting & Mockry (1984) defined finite element solutions for 
beams considering only displacement elastic foundations and no shear deformation. 
Eisenberger & Yankelevsky (1984) also formulated exact solutions for beam on displacement 
elastic foundation with no shear deformation. Chiwanga & Valsangkar (1988) presented a 
stiffness matrix and equivalent nodal forces for beam elements considering a two-parameter 
elastic foundation with no shear deformation. Shrima & Giger (1992) formulated 
Timoshenko’s beam finite elements resting on two-parameter elastic foundation. These 
authors created an auxiliary function, which is used in this work, to solve analytically the 
differential equations of this problem. Bazant & Cedolin (1991) presented the solutions for 
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stability analysis of columns considering shear deformations. Ready (1997) and Ready et al. 
(1997) extended the finite element formulation of beams with shear deformation to consider 
also cross section warping, without considering elastic foundation or axial load effects. Onu 
(2000) considered Timoshenko’s shear effect in a beam finite element on two-parameter 
elastic foundation. Morfidis & Avramidis (2002) formulated a generalized beam element on a 
two-parameter elastic foundation with semi-rigid connections and rigid offsets. Areiza-
Hurtado et al. (2005) presented a solution for second-order stiffness matrix and loading vector 
of a beam-column with semirigid connections on a single-parameter elastic foundation. 
Morfidis (2007) formulated exact matrices for Timoshenko’s beams on three-parameter 
elastic foundation, with no second-order axial load effect. Onu (2008) was the first author to 
consider the combined effect of second-order stability due to axial load, transversal loading, 
shear deformation and two-parameter elastic foundation. However, that work presented a 
synthetic formulation that is difficult to reproduce and does not present formulations of 
analytical shape functions. 

Analytical solutions for generalized beam finite elements are available. However, it was 
not found in the literature a work that didactically formulates the problem in an unified form, 
considering transversal loading, Timoshenko’s shear deformation, axially loaded stability 
high-order effects, and two-parameter (displacement and rotation) elastic foundation. This 
paper presents a unified analytical formulation of these combined effects on a beam-column. 
The main objective is to present analytical and higher-order solutions of shape functions, 
tangent stiffness matrix and equivalent load forces including the effects of shear deformation 
in an axially loaded prismatic beam-column member. These finite element solutions do not 
consider elastic foundations, which is left for a future work. It should be pointed out that, 
although higher-order stability effects are considered (large displacements), the assumption of 
a small deformation is maintained. 

The paper is organized in the following manner: the next section introduces the 
differential equations that govern the problem of beam-columns resting on a two-parameter 
elastic foundation, subjected to transversal loading, considering Timoshenko’s shear 
deformation and axial-loading effects, with small deformations. Section 3 presents analytical 
and higher-order solutions of shape functions, tangent stiffness matrix and equivalent load 
forces including the effects of shear deformation in an axially loaded prismatic beam-column 
member, with no elastic foundation. Some examples of stability analysis of this finite element 
formulation are presented in Section 4. A discussion on the high-order terms that should be 
considered in stability analysis of frames is presented. Finally, Section 5 summarizes the 
conclusions of this work and points to future developments. 

2  DIFFERENTIAL EQUATIONS 

Figure 1 shows the deformed configuration of an infinitesimal beam element on a two-
parameter elastic foundation subjected to transversal (q) and axial (P) loads. 

The elastic foundation reactions are given by a force per unit length proportional to the 
lateral displacement and a moment per unit length proportional to the cross-section rotation. 
Considering all forces involved, equilibrium imposition leads to the following equations: 

0 00 ( ) ( ) 0 ( ) ( )v v
y

dQF dQ q x dx k v x dx q x k v x
dx

= → − + ⋅ − ⋅ ⋅ = → = − ⋅∑  (1) 
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2 2

0 0

0

2
0

2

0 ( ) ( ) ( ) 0
2 2

( )( ) ( ) ( ) 0

( )( ) ( ) ( ) 0

v
O

dx dxM dM Q dx P dv q x k v x k x dx

dv xdM x Q x P k x
dx dx

dv xd xEI Q x P k x
dx dx

θ

θ

θ

θ

θ

θ θ

= → − ⋅ − ⋅ + ⋅ − ⋅ ⋅ − ⋅ ⋅ =

− − ⋅ − ⋅ =

⋅ − − ⋅ − ⋅ =

∑

 (2) 

If Navier (Euler-Bernoulli) theory is employed, the rotation can be written as the 
derivative of the lateral displacement, leading, after derivation, to the following: 

( )
4 2

0 0
4 2

( ) ( )( ) 0d v x d v xdQ xEI P k
dx dx dx

θ⋅ − − + ⋅ =  (3) 

After substituting Eq. (1) in Eq. (3), the differential equation obtained represents the 
complete Euler-Bernoulli formulation considering a two-parameter elastic foundation and 
constant axial load, but neglecting shear deformation.  

4 2
0 0

04 2

( ) ( ) ( ) ( )
vd v x d v xP k k v x q x

dx EI dx EI

θ⎛ ⎞+
− ⋅ + ⋅ =⎜ ⎟

⎝ ⎠
 (4) 

The solution results in the lateral displacement v0(x) and the rotation can be obtained 
using θ = dv0/dx. 

 

Figure 1. Infinitesimal beam element in equilibrium 

When using Timoshenko beam theory (Timoshenko, 1921), the rotation is no longer 
written as the derivative of the lateral displacement, as seen in Fig. 2. 

This new assumption modifies the previous differential equations, since there is a need to 
include the shear strain in the definition of the shear force: 

0 ( )( ) ( )

( )

c

c
c

dv xx x
dx

Q x GA

γ θ

γ

= −

= − ⋅
 (5)  
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Figure 2. Cross-section rotation and shear strain in Timoshenko beam theory 

The substitution of Eq. (5) in Eqs. (1) and (2) leads to: 
2

0
0 02

( )( )( ) ( ) ( ) ( )v v
c

d v xdQ d xq x k v x GA k v x q x
dx dx dx

θ⎛ ⎞
= − ⋅ → ⋅ − + ⋅ =⎜ ⎟

⎝ ⎠
 (6) 

2
0 0

2

( ) ( )( ) ( ) ( ) 0c
dv x dv xd xEI GA x P k x

dx dx dx
θθ θ θ⎛ ⎞⋅ + ⋅ − − ⋅ − ⋅ =⎜ ⎟

⎝ ⎠
 (7) 

Equations (6) and (7) are coupled due to the term kvv0(x) in Eq. (6). This fact makes it 
impossible to solve for θ(x) separately. It’s possible to isolate v0(x), but with loss of shear 
information, which takes the problem back to the Euler-Bernoulli approach and the need to 
take shear deformation into account later. One possible strategy to uncouple Eqs. (6) and (7) 
is to rewrite the latter, collecting alike terms in θ and v0: 

( )
( )
( ) ( )

2
0 0

2

2
0

2

( ) ( )( ) ( ) 0

( ) ( )( )

c c

c

c c

dv x dv xd xEI GA P GA k x
dx dx dx

GA kdv x EI d xx
dx GA P GA P dx

θ

θ

θ θ

θθ

⋅ + ⋅ − ⋅ − + ⋅ =

+
= −

− −

 (8) 

An auxiliary function f(x) is then created with the following property (Shirima & Giger, 
1992): 

( )
( ) ( )

2

0 2

( )( )

( )( ) ( )c

c c

df xx
dx
GA k EI d f xv x f x
GA P GA P dx

θ

θ =

+
= −

− −

 (9) 

It can be easily noticed that when shear deformation is neglected, i. e., GAc = ∞, the 
auxiliary function f(x) coincides with the displacement function v0(x) and the cross-section 
rotation is the displacement gradient. In other words, the solution simplifies to the Euler-
Bernoulli case. It’s also evident that without an elastic foundation the term kvv0(x) vanishes 
and there is no need to use the auxiliary function f(x). This will be the case in this paper. 

Substituting the expressions in Eq. (9) for f(x) in Eq. (6): 
4 2

4 2

( ) ( ) ( )1 ( ) 1
v v

c c c

d f x k P k d f x k k P q xf x
dx GA EI dx EI GA GA EI

θ θ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+
− + ⋅ + ⋅ + ⋅ = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 (10) 
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Equation (10) is the differential equation for the complete problem, i. e., considering 
shear deformation (Timoshenko beam), two-parameter elastic foundation (translational and 
rotational) and axial load (taken as a constant within the beam). Its solution is the function 
f(x). The cross-sectional rotation θ(x) and the lateral displacement v0(x) are then obtained from 
f(x) through Eq. (9). 

The characteristic polynomial of the differential equation in Eq. (10) is given by: 

4 2 1 0
v v

c c

k P k k k
GA EI EI GA

θ θ

λ λ
⎛ ⎞ ⎛ ⎞+

− + + + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  (11) 

Equation (11) can be conveniently written in the following form (Simmons, 1972): 

4 2 2 12 0, 1 ,
2

v v

c c

k k k P k
EI GA GA EI

θ θ

λ β λ α α β
⎛ ⎞ ⎛ ⎞+

− + = = + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (12) 

The roots of the characteristic polynomial are given by: 

( )

2 2
1...4

2
2 2 1 1

4

v v

c c

k P k k k
GA EI EI GA

θ θ

λ β β α

β α

= ± ± −

⎡ ⎤⎛ ⎞ ⎛ ⎞+⎢ ⎥− = + − +⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (13) 

An initial analysis of these roots leads to the following conclusions: 

1) In case (β2-α2) > 0, the first square root is a real number smaller than β, which 
guarantees four different real roots for λ. Some special cases can be suggested, 
neglecting one or more of the parameters involved, but in the complete model it’s 
difficult to predict when this combination can occur. 

2) The only possibility of complex roots for λ appears when (β 

2-α2) < 0. In the case of P 
being negative (compression), the squared term becomes smaller, increasing the 
possibility of complex roots. According to Zhaohua and Cook (1983), in general  
(kθ)2 ≤ 4EIkv, therefore it is reasonable to assume that the roots will be complex. 
However, a deeper investigation is necessary. 

In the case of complex roots in the form a biλ = ± ±  (2 pairs of  complex conjugates), the 
following may be written: 

( )2 2 2 2 22a b abi iλ β α β= − ± = ± −  (14) 

Solving for a and b: 
2 2 2 2 2 2, 2

,
2 2

a b ab a b

a b

β α β α

α β α β

− = = − → + =

+ −
= =

 (15) 

The homogeneous solution for the differential equation assuming four independent roots 
1 2 3 4, , ,λ λ λ λ  is given by: 

31 2 4( ) xx x xf x Ae Be Ce Deλλ λ λ= + + +     (16) 
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Since the problem is modeled using a fourth-order differential equation, the  
homogeneous solution must be composed of four linearly independent functions. Therefore,  
if some multiplicity of roots is verified, i. e., if λi = λj for i ≠ j, some additional  
polynomial functions are used (this is only possible for real roots, since complex roots  
always appear in complex conjugate pairs). For example, if λ1 = λ2, solution is given by

31 4( ) ( ) xx xf x e A Bx Ce Deλλ λ= + + + .  

It is interesting to notice that if there is no elastic foundation (kv = kθ = 0) and no axial 
load (P = 0), all four roots of the characteristic polynomial are null, i. e., 

1 2 3 4 0λ λ λ λ λ= = = = = , leading to: 

2 3( ) ( )xf x e A Bx Cx Dxλ= + + +  (17) 

Since λ = 0, the solution is a cubic polynomial, which is the homogeneous solution for 
the differential equation of the classical Timoshenko beam. 

In the general case of four independent complex roots, the homogeneous solution using 
1...4 a biλ = ± ±  is given by: 

[ ] [ ]
[ ] [ ]

31 2 4

1 2 3 4

( )
( ) cos( ) sen( ) cos( ) sen( )

( ) cosh( ) cos( ) sen( ) senh( ) cos( ) sen( )

xx x x

ax ax

f x Ae Be Ce De
f x e A bx B bx e C bx D bx

f x ax c bx c bx ax c bx c bx

λλ λ λ

−

= + + +

= + + +

= ⋅ ⋅ + ⋅ + ⋅ ⋅ + ⋅

 (18) 

Equation (18) is the general solution for f(x) in Eq. (16), with a and b given by Eq. (15), 
which depend on α and β, given by Eq. (12). 

2.1 Special cases 

Some special combinations of the parameters involved can lead to particular cases. Some 
of those are presented below: 

1) α = β 

In this case, root multiplicity occurs and no complex roots will appear. The solution is 
given by: 

1( ) ( ) ( ), ,
2

v
ax ax

c

k P kf x e A Bx e C Dx a
GA EI

θ

β β− ⎛ ⎞+
= + + + = = +⎜ ⎟

⎝ ⎠
 (19) 

For this case the following must be verified: 
2

4 1
v v

c c

k P k k k
GA EI EI GA

θ θ⎛ ⎞ ⎛ ⎞+
+ = +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 (20) 

A deeper investigation is necessary to predict if this case is physically possible. 

2) GAc = ∞ (Euler-Bernoulli beam) 

Considering Eq. (10) and GAc = ∞, it’s obvious that it simplifies into Eq. (3), which 
represents the Euler-Bernoulli complete model. This means that the lateral displacement v0(x) 
is equal to the general solution f(x): 
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[ ] [ ]0 1 2 3 4( ) cosh( ) cos( ) sen( ) senh( ) cos( ) sen( )

2 2 2

v

v x ax c bx c bx ax c bx c bx

k N ka b
EI EI

θα β α β α β

= ⋅ ⋅ + ⋅ + ⋅ ⋅ + ⋅

+ − +
= = = =

 (21) 

2a) N = 0, GAc = ∞ (Euler-Bernoulli beam without axial load) 

The expression for v0(x) is also given by Eq. (21) with: 

 
2 2 2

vk ka b
EI EI

θα β α β α β+ −
= = = =  (22) 

2b) kθ = 0, N = 0, GAc = ∞ (classical case of one-parameter elastic foundation) 

The expression for v0(x) is also given by Eq. (21) with: 

4

2 4

vka b
EI

α
= = =  (23) 

2c) kθ = kv = 0, N = 0, GAc = ∞ (axially loaded beam without elastic foundation) 

In this case there is root multiplicity and the expression v0(x) for must take this into 
account with the inclusion of a polynomial solution. 

( )

4 2
2 20 0

4 2

2 2 2
1,2 3 4

0

( ) ( ) 0,

0 0, ,

( ) x x

d v x d v x P
dx dx EI

v x Ae Be Cx Dμ μ

μ μ

λ λ μ λ λ μ λ μ
−

− ⋅ = =

− = → = = = −

= + + +

 (24) 

In the case of a positive P (tension), μ is a real number and the expression for v0(x) can be 
written in terms of hyperbolic functions. In the case of a negative P (compression), μ is 
complex and the expression for v0(x) can be written in terms of trigonometric functions.  

For a compressive axial load (P < 0) the following applies: 

0 1 2 3 4( ) sen( ) cos( ) , Pv x c x c x c x c
EI

μ μ μ −
= ⋅ + ⋅ + ⋅ + =  (25) 

For a tensile axial load (P < 0) the following applies: 

0 1 2 3 4( ) senh( ) cosh( ) , Pv x c x c x c x c
EI

μ μ μ= ⋅ + ⋅ + ⋅ + =  (26) 

When working directly with the exponential solution, there is no need to make that 
separation of compression and tension cases. The only issue is that the implementation must 
consider the possibility of dealing with complex variables. 

3) kθ = kv = 0 (Timoshenko beam without elastic foundation) 

In the case of no elastic foundation it is possible to uncouple the equations and find a 
solution in terms of θ(x). This will be the case of study of this paper. Equation (6) becomes: 

2
0

2

( )( ) ( )

c

d v xd x q x
dx dx GA
θ

− =  (27) 
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Substituting Eq. (27) in the derivative of Eq. (7), with kθ = 0: 
3

3

( ) ( ) ( )
1

c

d x P d x q x
dx dxPEI

GA

θ θ
− ⋅ =

⎛ ⎞
+⎜ ⎟

⎝ ⎠

 (28) 

After determining θ(x) from Eq. (28), the lateral displacement v0(x) can be obtained using 
Eq. (8) with kθ = 0: 

2
0

2

( ) ( )( )c

c c

dv x GA EI d xx
dx GA P GA P dx

θθ= −
− −

 (29) 

3  EXACT FINITE ELEMENT IMPLEMENTATION 

Considering Timoshenko beam theory and the differential equations given in Eqs. (28) 
and (29), the exact shape functions for an axially loaded beam can be derived. It is useful to 
remind that in the case of no elastic foundation, the equations can be uncoupled and the 
solution is given in terms of the rotation. 

The homogeneous solution of Eq. (28) in terms of the cross-section rotation is given by: 

2( ) ,
1

x x

c

Px Ae Be C
PEI

GA

μ μθ μ−= + + =
⎛ ⎞

+⎜ ⎟
⎝ ⎠

 (30) 

Substituting eq. (30) in eq. (29): 

( ) ( )2 20

0

( )

( )

x x x xc

c c

x x c

c

dv x GA EIAe Be C A e B e
dx GA P GA P

dv x GAAe Be C
dx GA P

μ μ μ μ

μ μ

μ μ− −

−

= + + − +
− −

= + +
−

 (31) 

Integrating Eq. (31) respect to x: 

0 ( ) x x c

c

GAA Bv x e e Cx D
GA P

μ μ

μ μ
−= − + +

−
 (32) 

It’s interesting to notice that, as in classic Timoshenko beam theory (with no elastic 
foundation or axial load), only the first degree term of the polynomial solution is modified by 
the consideration of shear deformation. It’s also easy to notice that in the case of GAc = ∞, 
θ(x) becomes the derivative of v0(x) and the expression for v0(x) turns into Eq. (24) (axially 
loaded Euler-Bernoulli beam). 

Using Eqs. (30) and (32), the expressions for v0(x) and θ(x) can be written in terms of 
four independent constants: 

( )

0 1 2 3 4

1 2 3
2 2

2
2 2 2

( )

( )

1 1, ,
1 2 1

x x

x x

c

c c c

v x c e c e c x c

x c e c e c

GA L EI P
GA P L GA L EI P GA

μ μ

μ μ

η

θ μ μ

μη μ
μ

−

−

= ⋅ + ⋅ + ⋅ ⋅ +

= ⋅ ⋅ − ⋅ ⋅ +

− Ω
= = Ω = =

− − Ω +

 (33) 
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In matrix form, these conditions are given as: 

[ ] { }

{ } { }

[ ]

0
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1 2 3 4

( )
( )

1
1 0

x x

x x
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 (34) 

With boundary conditions given by: 
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 (35) 

3.1 Shape functions 

Independent shape functions interpolate the lateral displacements and cross-section 
rotations in terms of boundary values: 
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 (36) 

Inverting Eq. (35) and substituting in Eq. (36): 
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If µ is a real number (P is a tensile force), translational and rotational shape functions are 
written, respectively, as: 
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 (39) 

If µ is a complex number, (normal force P is a compression), the following relations can 
be used: 

( ) ( )= i, cosh x cos( ), sinh x sin( )i x i i xμ μ = =  (40) 

Shape functions become: 
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In the latter case, constants η and μ are modified by making P = −P: 

2 2 21 ,
1

c

PL
PEI

GA

η μ μ= − Ω = −
⎛ ⎞

−⎜ ⎟
⎝ ⎠

 (43) 

It’s also useful to remind that: 

 0 1, 0 1c

c

GA P P
GA P

η η η= → > ⇒ > < ⇒ <
−

 (44) 

The separation between tension and compression can be an additional conditional 
statement that can influence the efficiency of the code. This separation is not necessary if the 
implementation works directly with exponential functions. In this case, the expressions for 
shape functions are more complicated, but stiffness and geometry matrices are simpler. 
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Figures 3 and 4 show the element shape functions using different values of Ω and with  
μ = 0. 

 

 

Figure 3. Translational shape functions for different values of Ω 

3.2 Tangent Stiffness Matrix 

Matrix B of the finite element is obtained by using the weak form of the differential 
equation, i. e., the virtual work approach: 
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Figure 4. Rotational shape functions for different values of Ω 

Since the constitutive matrix E is diagonal, bending, shear and axial load contributions 
can be uncoupled leading to: 
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B

B

B

 (46) 

It’s easy to notice that in the case of Euler-Bernoulli beam theory, rotation shape 
functions can be written as derivatives of displacement shape functions. This consideration 
automatically turns the matrix Bs to nullity.  

The resultant tangent stiffness matrix can be written in exponential form as (in this case, 
μ can be a real or a complex number, i. e., P can be either tension or compression): 
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In terms of hyperbolic functions, the coefficients become: 
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And in terms of trigonometric functions: 
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The Taylor series expansion up to μ6 is given by: 
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 (53) 

In the expressions above, μ2 can be directly substituted by P/EI(1+P/GAc) using a 
positive sign when P is a tension and a negative sign when P is a compression. 

3.3 Equivalent nodal forces 

Figure 5 shows the case of a doubly clamped beam subjected to a general linearly 
distributed load. For the sake of simplicity, this load was considered as the sum of a 
rectangular and a triangular case.  

 

 



Exact shape functions and tangent stiffness matrix 

CILAMCE 2013 
Proceedings of the XXXIV Iberian Latin-American Congress on Computational Methods in Engineering 
Z.J.G.N Del Prado (Editor), ABMEC, Pirenópolis, GO, Brazil, November 10-13, 2013 

 

 

Figure 5. Linearly distributed load as the sum of two simpler cases 

Equivalent nodal forces for a linearly distributed load can be obtained in the following 
manner: 
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After substitution of each shape function: 
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 It’s interesting to notice that equivalent nodal forces are independent of the 
consideration of shear deformation for a uniformly distributed load. For the linearly 
distributed part, equivalent loads are: 
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In terms of trigonometric functions: 
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3.4 Considerations on Ω 

Using common relations between elastic constants, considerations on Ω can be inferred.  
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+

+ +
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 (58) 

In Eq. (58), χ stands for the shear factor and L/r is the slenderness ratio of the beam-
column. For rectangular sections, χ  = 5/6 and Eq. (58) becomes: 

( )

( )2

1

5 L
h

ν+
Ω =  (59) 

Figure 6 shows how Ω decreases with L/h. Poisson ratio is given by ν = 0.3.  

 
Figure 6. Shear constant Ω vs. length-to-height ratio 
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4  EXAMPLES 

As a first example, the critical load for a simply supported column was obtained for 
different values of Ω. In a second example, Roorda’s frame was used to verify the consistency 
of the formulation when applied to portal frames considering shear deformation. 

4.1 Critical load for a simply supported column 

Critical loads for a simply supported beam-column were obtained by finding the value of 
μ which introduces a singularity in the tangent stiffness matrix (det(K) = 0). Approximate 
values for critical loads were then obtained using Taylor series expansion of the stiffness 
coefficients up to the third order. This approach leads to a nonlinear eigenvalue problem.  

Exact values for critical loads considering shear deformation are given in Bazant (1991). 
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0 2 2

0
2 22 20

, ,
11

cr
cr cr

ccr

c

P EI EI EIP P
L GA LLP

GA

π π
π

= = − = − Ω =
⎛ ⎞ + Ω

−⎜ ⎟
⎝ ⎠

. (60) 

 Results for different values of Ω are shown in Fig. 7, in which ESF corresponds to the 
Exact Shape Functions result and T1, T2, T3 are the results using Taylor series expansion of 
order one, two and three respectively.  

 

Figure 7. Critical load of a simply supported column for different values of Ω 

A look at Fig. 7, shows that the consideration of shear deformation decreases the critical 
load. For instance, for a rectangular cross-section and considering a relation L/h = 2 (Ω = 0.1), 
the critical load is reduced to half of Euler’s classical value.  

4.2 Roorda’s frame 

Figure 8 shows the well-known Roorda frame subjected to a vertical load at its vertex. 
Neglecting shear deformation, its critical load has an analytical value given by: 
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Figure 8. Roorda’s frame subjected to a concentrated vertical load 

The consideration of shear deformation in this case has a double influence in the critical 
load, since both bars will experience its effect. Analytically, the critical load can be obtained 
by solving the following equation: 

( ) ( ) ( ) ( )2 2 21 6 3 sin 3 cos 0, 1cr cr cL L L L P EI P GAμ μ μ μ μ⎡ ⎤+ Ω + − = = − +⎣ ⎦  (62) 

 Figure 9 shows the results for different values of Ω. The double influence is evident 
since the critical load decreases at a higher rate than observed in the previous example.  

 
Figure 9. Critical load of Roorda’s frame for different values of Ω 

5  CONCLUSIONS 

This paper presented exact solutions for axially loaded Timoshenko beams. Explicit 
expressions for shape functions, stiffness matrix and equivalent nodal forces were given. 
Taylor series expansions were developed in order to compare exact and numerical solutions. 

From the examples shown, the different possibilities of approximation can be discussed. 
Clearly, the first order approximation (which leads to the mostly used geometry matrix) is not 
reliable in terms of critical loads. A reliable result in this case depends on the experience of 
the analyst to choose a proper discretization for the model. Higher-order approximations lead 
to much better results, but with greater computational effort, since critical loads are obtained 
through the solution of a nonlinear eigenvalue problem.  When using the exact element, axial 
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loads cannot be explicitly isolated. The solution in this case is to find the axial load which 
nulls the determinant of the stiffness matrix. This strategy is also computationally expensive.  

In future works, all physically possible combinations of the constants involved will be 
studied, in order to verify situations in which the general solution doesn’t apply. The 
treatment of the complete equation, considering Timoshenko beam theory, two-parameter 
elastic foundation and axial load is still a challenge and will also be a theme of future studies.  
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